Abstract. Let X be a proper hyperbolic geodesic metric space of bounded growth and let G be a closed subgroup of the isometry group Iso(X) of X. We show that if G is not amenable then the second continuous bounded cohomology group H 2 cb (G, L 2 (G)) does not vanish. As an application, we derive some structure results for closed subgroups of Iso(X).
Introduction
A Banach module for a locally compact topological group G is a Banach space E together with a continuous homomorphism of G into the group of linear isometries of E. For every such Banach module E for G and every i ≥ 1, the group G naturally acts on the vector space C b (G i , E) of continuous bounded maps
the linear subspace of all G-invariant such maps, then the second continuous bounded cohomology group H 2 cb (G, E) of G with coefficients E is defined as the second cohomology group of the complex (1) 0 → C b (G, E)
with the usual homogeneous coboundary operator d (see [11] ). If Γ is a countable group with the discrete topology then we write H 2 b (Γ, E) = H 2 cb (Γ, E).
Let X be a proper geodesic metric space. The isometry group Iso(X) of X, equipped with the compact open topology, is naturally a locally compact σ-compact topological group. Each closed subgroup G of Iso(X) is a locally compact σ-compact group as well. A geodesic metric space X is δ-hyperbolic for some δ > 0 if it satisfies the δ-thin triangle condition: For every geodesic triangle in X with sides a, b, c the side a is contained in the δ-neighborhood of b ∪ c. A proper hyperbolic geodesic metric space X is said to be of bounded growth if there is a constant b > 0 such that for every R ≥ 1 an open metric ball in X of radius R contains at most be bR disjoint open metric balls of radius 1. Every hyperbolic metric graph of bounded valence has this property.
In this note we investigate closed subgroups of Iso(X) for a proper hyperbolic geodesic metric space X of bounded growth. Since such a group G is locally compact and σ-compact it admits a left invariant locally finite Haar measure µ. In particular, the regular representation of G in the Hilbert space L 2 (G, µ) of functions on G which are square integrable with respect to µ is well defined. For the formulation of our results, recall that a compact extension of a topological group H is a topological group G which contains a compact normal subgroup K such that H = G/K as topological groups. Extending earlier results of Monod-Shalom [12] and of MineyevMonod-Shalom [10] we show.
Theorem A: Let X be a proper hyperbolic geodesic metric space of bounded growth and let G < Iso(X) be a closed subgroup. Then one of the following three possibilities holds.
(1) G is amenable.
(2) Up to passing to an open subgroup of finite index, G is a compact extension of a simple Lie group of rank one. (3) G is a compact extension of a totally disconnected group and H
Our theorem (or, more precisely, a more general version which we derive in Section 3) implies an extension of all the results of [12, 10] to arbitrary proper hyperbolic geodesic metric spaces without any additional assumptions. We give one example for such an application.
Corollary: Let G be a connected semi-simple Lie group without compact factors and of rank at least 2. Let Γ be an irreducible lattice in G, let X be a proper hyperbolic geodesic metric space of bounded growth and let ρ : Γ → Iso(X) be a homomorphism. Let H < Iso(X) be the closure of ρ(Γ); then either H is amenable or H is a compact extension of a simple Lie group L, and if π : H → L is the canonical projection then π • ϕ extends to a continuous homomorphism G → L.
We also investigate finitely generated discrete subgroups of the isometry group of a proper hyperbolic geodesic metric space of bounded growth. We show.
Theorem B: Let Γ be a finitely generated group which admits a properly discontinuous isometric action on a hyperbolic geodesic metric space X of bounded growth.
Continuous bounded cohomology
In this section let (X, d) always be a proper hyperbolic geodesic metric space. Recall that the Gromov boundary ∂X of X is defined as follows. For a fixed point x ∈ X, define the Gromov product (y, z) x based at x of two points y, z ∈ X by
. By hyperbolicity of X, this notion of equivalence defines an equivalence relation for the collection of all sequences (y i ) ⊂ X with the additional property that (y i , y j ) x → ∞ (i, j → ∞) [3] . The boundary ∂X of X is the set of equivalence classes of this relation.
The Gromov product ( , ) x for pairs of points in X can be extended to a product on ∂X by defining
where the supremum is taken over all sequences (y i ), (z j ) ⊂ X whose equivalence classes define the points ξ, η ∈ ∂X. For a suitable number χ > 0 only depending on the hyperbolicity constant of X there is a distance δ x of bounded diameter on ∂X with the property that the distance δ x (ξ, η) between two points ξ, η ∈ ∂X is comparable to e −χ(ξ,η)x (see 7.3 of [6] ). More precisely, there is a constant θ > 0 such that
for all ξ, η ∈ ∂X. Moreover, the distances δ x can be chosen in such a way that they are invariant under the natural action of the isometry group of X on ∂X × ∂X × X and that
There is a natural topology on X ∪ ∂X which restricts to the given topology on X and to the topology on ∂X induced by any one of the metrics δ x . With respect to this topology, a sequence (y i ) ⊂ X converges to ξ ∈ ∂X if and only if we have (y i , y j ) x → ∞ and the equivalence class of (y i ) defines ξ. Since X is proper by assumption, the space X ∪ ∂X is compact and metrizable. Every isometry of X acts naturally on X ∪ ∂X as a homeomorphism.
For every proper metric space X the isometry group Iso(X) of X can be equipped with a natural locally compact σ-compact metrizable topology, the so-called compact open topology. With respect to this topology, a sequence (g i ) ⊂ Iso(X) converges to some isometry g if and only if g i → g uniformly on compact subsets of X. In this topology, a closed subset Y ⊂ Iso(X) is compact if and only if there is a compact subset K of X such that gK ∩ K = ∅ for all g ∈ Y . In particular, the action of Iso(X) on X is proper. In the sequel we always assume that subgroups of Iso(X) are equipped with the compact open topology.
The limit set of a subgroup G of the isometry group of a hyperbolic metric space X is the set of accumulation points in ∂X of one (and hence every) orbit of the action of G on X. If G is non-compact then its limit set is a compact nonempty G-invariant subset of ∂X. The group G is called elementary if its limit set consists of at most two points. In particular, every compact subgroup of Iso(X) is elementary. If G is non-elementary then its limit set Λ is uncountable without isolated points. An element g ∈ G is called hyperbolic if its action on ∂X admits an attracting fixed point a ∈ Λ and a repelling fixed point b ∈ Λ and if it acts with north-south-dynamics with respect to these fixed points. If G is non-elementary then the pairs of fixed points of hyperbolic elements in G form a dense subset of (the complement of the diagonal in) Λ × Λ (for all this see Chapter 8 of [6] ).
The following theorem is the main technical result of this note and gives a simplification and generalization of some results of Monod and Shalom [12] and of Mineyev, Monod and Shalom [10] avoiding the difficult concept of homological bicombing. For its formulation, let X be a proper hyperbolic geodesic metric space and let G be a closed subgroup of the isometry group of X. Assume that G is non-elementary and let Λ ⊂ ∂X be the limit set of G. Denote by T ⊂ Λ 3 the space of triples of pairwise distinct points in Λ. For a continuous unitary representation of G on a Hilbert space E define an E-valued continuous bounded cocycle for the action of G on Λ to be a continuous bounded G-equivariant map ω : T → E which satisfies the anti-symmetry condition ω • σ = sgn(σ)ω for every permutation σ of the three variables and such that for every quadruple (x, y, z, w) of distinct points in Λ we have (6) ω(y, z, w) − ω(x, z, w) + ω(x, y, w) − ω(x, y, z) = 0.
Recall that every locally compact σ-compact group admits a left invariant locally finite Haar measure µ. We have. Proof: Let G < Iso(X) be a non-elementary closed subgroup of Iso(X). Let x 0 ∈ X be an arbitrary point and denote by G x0 the stabilizer of x 0 in G. Then G x0 is a compact subgroup of G, and the quotient space G/G x0 is homeomorphic to the orbit Gx 0 ⊂ X of x 0 . We divide the proof of the theorem into 2 steps.
Step 1:
Recall the definition of the Gromov product ( , ) z based at a point z ∈ X and let δ z (z ∈ X) be a G-invariant family of metrics on ∂X such that for some θ > 0, χ ∈ (0, 1) the inequality (4) above is valid. We may assume that e −χd(y,z) δ z ≤ δ y ≤ e χd(y,z) δ z for all y, z ∈ X. We use the metrics δ z to define a G-invariant metricd on ∂X × X as follows. First, for (a,
and (a m , x m ) = (b, y); the length of the chain is defined to be id 0 ((a i , x i ), (a i+1 , x i+1 )). Letd((a, x), (b, y)) be the infimum of the lengths of any chain connecting (a, x) to (b, y). It is immediate from the definitions, inequality (5) above and the fact that ∂X ∪ X is compact thatd is a metric on ∂X × X which is invariant under the action of G.
Since G is non-elementary by assumption, the limit set Λ ⊂ ∂X of G is an uncountable closed subset of ∂X without isolated points [6] . The group G acts on Λ × X as a group of homeomorphisms. Denote by ∆ the diagonal in ∂X × ∂X. The G-invariant metricd on ∂X × X induces a G-invariant metric on Λ × G/G x0 and hence a G-invariant product metric on V = (Λ × Λ − ∆)× G/G x0 × G/G x0 which we denote again byd by abuse of notation. Since V is locally compact and G < Iso(X) is closed, the space W = V /G admits a natural metric d 0 as follows. Let P : V → W be the canonical projection and define d 0 (x, y) = inf{d(x,ỹ) | Px = x, Pỹ = y}.
The topology induced by this metric is the quotient topology for the projection P ; in particular, W is a locally compact metric space.
An isometry g of X is hyperbolic if and only if for some (and hence every) x ∈ X the orbit map k → g k x (k ∈ Z) is a quasi-isometric embedding. By hyperbolicity there is a number κ 0 > 0 such that the infinite cyclic subgroup of Iso(X) generated by a hyperbolic element g ∈ Iso(X) admits an orbit which is contained in the κ 0 -neighborhood of any geodesic connecting the two fixed points of the action of g on ∂X; note that such a geodesic exists always since X is locally compact. We may also assume that κ 0 is bigger than a hyperbolicity constant for X; this means in particular that the Hausdorff distance between any two geodesics in X connecting the same points in ∂X is bounded from above by κ 0 .
There is a universal constant c 0 = c 0 (κ 0 ) > 0 depending only on the hyperbolicity constant of X with the property that for any a = b ∈ ∂X, for every geodesic γ connecting b to a and for every point z ∈ X contained in the κ 0 -neighborhood of γ we have δ z (a, b) ≥ 2c 0 . Choose κ > 2κ 0 sufficiently large that the set {z ∈ X | δ z (a, b) ≥ c 0 } is contained in the κ-tubular neighborhood of the geodesic γ (and which only depends on the hyperbolicity constant for X but not on a, b, γ).
Note that ϕ is invariant under the diagonal action of G; in particular, the support V 0 of ϕ is invariant under G and it projects to a closed subset W 0 of W .
The isometric involution ι : (a, b, u, v) → (b, a, u, v) of V preserves the function ϕ and commutes with the action of G. Hence it induces an isometric involution of the quotient space W which we denote again by ι. We claim that the action of ι on the subset W 0 ⊂ W is non-trivial. For this we have to find a point (a, b, ux 0 , vx 0 ) ∈ V 0 such that (b, a, ux 0 , vx 0 ) is not contained in the G-orbit of (a, b, ux 0 , vx 0 ) i.e. such that there is no g ∈ G which fixes both ux 0 , vx 0 and satisfies ga = b, gb = a. However, if γ is a geodesic line connecting a, b ∈ ∂X, an isometry g ∈ G which exchanges a and b maps γ to a geodesic gγ which connects b to a. The Hausdorff distance between γ and gγ is bounded from above by our constant κ 0 > 0, but the orientation of gγ is the reverse of the orientation of γ. Thus g can not fix two points on γ of sufficiently large distance. In particular, there is a number κ 1 > κ with the following property. For every geodesic γ in X connecting two points a = b ∈ ∂X and for any two elements u, v ∈ G such that the points ux 0 , vx 0 are contained in the κ 0 -neighborhood of γ and are of distance at least κ 1 the point (a, b, ux 0 , vx 0 ) ∈ V 0 is not contained in the G-orbit of (b, a, ux 0 , vx 0 ). On the other hand, if g ∈ G is a hyperbolic element with fixed points a = b ∈ ∂X and if we choose the point x 0 on a geodesic γ connecting a to b then for all k, ℓ ∈ Z the points (a, b, g
In particular, there is a number κ 2 > κ 1 and there are k, ℓ ∈ Z such that
) and the action of ι on W 0 is non-trivial.
Let ψ : [0, ∞) → [0, 1] be a smooth function which satisfies ψ(t) = 1 for t ≤ κ 2 and ψ(t) = 0 for t ≥ 2κ 2 . Define a function ζ on V by ζ(a, b, gx 0 , hx 0 ) = ϕ(a, b, gx 0 , hx 0 )ψ(d(gx 0 , hx 0 )). Note that ζ is invariant under the diagonal action of G and under the involution ι. Moreover, by our choice of ψ the action of ι on the support of ζ is non-trivial.
Step 2:
By the considerations in Step 1 above, W = V /G admits a natural structure of a metric space and the involution ι acts non-trivially and isometrically on W . Choose a small closed ball B in W which is disjoint from its image under ι. Let H be the vector space of all Hölder continuous functions f : W → R supported in B. Let f ∈ H and letf be the G-invariant ι-anti-invariant function on V whose restriction to P −1 (B) projects to f .
There is a natural projection Π :V → V which is equivariant with respect to the action of G and with respect to the action of the involution ι onV and V which exchanges the first two components. The functioñ f on V lifts to a G-invariant ι-anti-invariant functionf =f • Π onV , and the lift ζ = ζ • Π of the function ζ is G-invariant and ι-invariant.
For all a = b ∈ Λ and every function f ∈ H we denote by f a,b the restriction of the functionf to F (a, b), viewed as a continuous function on G × G. Similarly, define ζ a,b to be the restriction of the functionζ to F (a, b). For every f ∈ H we then have f ga,gb • g
Since G is non-elementary by assumption, the limit set Λ of G is uncountable. For f ∈ H and for an ordered triple (a, b, z) of pairwise distinct points in Λ define
Then ω(a, b, z) is a continuous function on G× G. Since f a,b = −f b,a and ζ a,b = ζ b,a for all a = b ∈ Λ we have ω • σ = (sgn(σ))ω for every permutation σ of the three variables.
Let ν = µ × µ be the left invariant product measure on G × G. We claim that for every ordered triple of pairwise distinct points in Λ the function ω (a, b, z 
Let κ > 0 be as above, let γ be any geodesic connecting a to b and let N (γ, 2κ) be the 2κ-tubular neighborhood of γ in X. We claim that there is a number m > 0 not depending on (a, b) such that for every R > 0 and every subset C of X of diameter at most R the total ν-mass of the set (C ∩ N (γ, 2κ)) G,κ2 is at most mR. Namely, the subset
hence its ν-mass is finite, say this mass equals m > 0. The set C ∩ N (γ, 2κ) can be covered by at most R balls of radius 3κ about points on γ of distance at most 1 and therefore (C ∩ N (γ, 2κ)) G,κ2 can be covered by at most R left translates of D. Our claim now follows from the fact that ν is invariant under left translation.
By hyperbolicity of X and our choice of κ 0 , for every triple (u, v, w) of pairwise distinct points in ∂X there is a point x 0 ∈ X which is contained in the κ 0 -neighborhood of every side of a geodesic triangle with vertices u, v, w. Let γ : R → X be a geodesic connecting v to u with d(x 0 , γ(0)) ≤ κ 0 . Then the Gromov product (v, w) γ(t) based at γ(t) between v, w satisfies (v, w) γ(t) ≥ t − c 0 for all t ≥ 0 with a constant c 0 > 0 only depending on X. Thus there is a number
whenever d(y, γ(t)) ≤ 2κ for some t ≥ 0.
The functionf : V → R is uniformly Hölder continuous and ι-anti-invariant and consequently after possibly increasing our constant r > 0 above there is a number α > 0 (which depends on the Hölder constant for f ) with the following property. Let 0 ≤ s ≤ t and let g, h ∈ G be such that d(gx 0 , γ(t)) < 2κ, d(hx 0 , γ(s)) < 2κ; then
Let η be a geodesic connecting w to u which is parametrized in such a way that d(x 0 , η(0)) ≤ κ 0 . By our choice of κ 0 , κ, the Hausdorff distance between the geodesic rays γ[0, ∞) and η[0, ∞) is at most 2κ 0 ≤ κ. Since ϕ 0 (δ gx0 (v, u)) = 0 only if gx 0 is contained in the κ-neighborhood of γ and ϕ 0 (δ gx0 (w, u)) = 0 only if gx 0 is contained in the κ-neighborhood of η we obtain from the estimates (9),(10) the bound on the ν-mass of subsets of N (γ, 2κ) G,κ2 and the definition of the function ζ that there is a constant c p > 0 only depending on p ∈ [1, ∞) and the Hölder norm of f such that
By the definition of the function ζ, from this it is immediate that
and its norm is bounded from above by a constant only depending on the Hölder norm of f . The same consideration also shows that ω(u, v, w) ∈ L p (G × G, ν) depends continuously on (u, v, w). Moreover, the assignment (u, v, w) → ω(u, v, w) is equivariant under the action of G on the space T of triples of pairwise distinct points in Λ and on L p (G × G, ν) and satisfies the cocycle equality (6).
Now let a = b ∈ Λ be the fixed points of a hyperbolic isometry g ∈ G and let z ∈ Λ − {a, b}. Let γ be a geodesic in X connecting b to a and choose the basepoint x 0 on γ. For κ 1 > κ as above choose a number κ 2 > κ 1 depending on g with the property that there are numbers k < ℓ such that the points g k x 0 , g ℓ x 0 are contained in the κ 0 -neighborhood of γ but that the κ-neighborhood of a geodesic connecting a to z and of a geodesic connecting b to z contains at most one of the points g k x 0 , g ℓ at (a, b, z) . This shows the theorem.
Every locally compact σ-compact group G admits a strong boundary [9] which is a standard Borel G-space B with a quasi-invariant ergodic probability measure λ such that the action of G on (B, λ) is amenable and doubly ergodic with respect to any coefficient Hilbert module for G ( [11] , Definition 11.1.1). The following lemma is basically contained in [12] and follows from the arguments of Zimmer (see [15] ).
Lemma 2.2: Let X be a proper hyperbolic geodesic metric space with isometry group Iso(X), let G be a locally compact σ-compact group and let ρ : G → Iso(X) be a homomorphism. Assume that the closure H of ρ(G) in Iso(X) is non-elementary, with limit set Λ. Let (B, λ) be a strong boundary for G; then there is a G-equivariant measurable map Ψ : B → Λ.
Proof: Let X be a proper hyperbolic geodesic metric space and let G be a locally compact σ-compact group. Assume that there is a homomorphism ρ : G → Iso(X) such that the closure H of ρ(G) in Iso(X) is non-elementary, with limit set Λ. Let (B, λ) be a strong boundary for G. Since the action of G on B is amenable, there is a G-equivariant Fürstenberg map f : B → P(Λ) where P(Λ) denotes the space of Borel probability measures on Λ [15] .
Let P ≥3 (Λ) be the space of probability measures on Λ whose support contains at least 3 points. By Corollary 5.3 of [2] , the H-action on P ≥3 (Λ) is tame with compact point stabilizers. Thus by the results of Zimmer [15] , if the image under f of a set of positive measure in B is contained in P ≥3 (Λ) then by ergodicity we have f (B) ⊂ P ≥3 (Λ) (almost everywhere) and the group H is compact (see [15] ). This is a contradiction to our assumption that H is non-elementary.
As a consequence, we have f (B) ⊂ P ≤2 (Λ) where P ≤2 (Λ) is the set of measures whose support contains at most 2 points. To show that the measures in f (B) are in fact supported in a single point of Λ we argue as in the proof of Lemma 3.4 of [12] . Namely, the group H is locally compact and σ-compact and its action on the space of triples of pairwise distinct points in Λ is proper (see [2] ). Thus the arguments in the proof of Lemma 23 of [10] can be applied in our situation. Together with the proof of Lemma 3.4 of [12] we conclude that the image of f is in fact contained in the set of Dirac masses on Λ, i.e. there is an equivariant map f : B → Λ as claimed.
We use Lemma 2.2 to deduce.
Corollary 2.3: Let G be a locally compact σ-compact group and let ρ be a homomorphism of G into the isometry group of a proper hyperbolic geodesic metric space. If the closure H of ρ(G) in Iso(X) is non-elementary then H
Proof: Let G be a locally compact σ-compact topological group, let X be a proper geodesic metric space and let ρ : G → Iso(X) be a homomorphism. Let H be the closure of G in Iso(X). Assume that H is non-elementary and let Λ ⊂ ∂X be the limit set of H. By Lemma 2.2 there is a measurable equivariant map ϕ from a strong boundary (B, λ) of G into Λ. Since Λ is also the limit set of ρ(G), by equivariance the image under ϕ of every G-orbit on B is dense in Λ. In particular, the support of the measure class ϕ * λ is all of Λ. By Theorem 2.1 there is a nontrivial bounded continuous L 2 (H × H, µ × µ)-valued cocycle ω on the space of triples of pairwise distinct points in Λ. Then the
B is non-trivial on a set of positive measure. Since B is a strong boundary for G, this cocycle then defines a non-trivial class in [11] ). On the other hand, the unitary G-representation space L 2 (H × H, µ × µ) is a direct integral of copies of the unitary G-representation space L 2 (H, µ) and therefore by Corollary 2.7 of [12] and Corollary 3.4 of [13] 
This implies the corollary.
Structure of the isometry group
In this section we analyze the structure of the isometry group of a proper hyperbolic geodesic metric space X using the results of Section 2. For this recall that an extension of a locally compact group H by a topological group K is a locally compact group G which contains K as a normal subgroup and such that H = G/K as topological groups. The following easy observation of Monod and Shalom [12] describes non-elementary closed subgroups of Iso(X) which are extensions by amenable groups.
Lemma 3.1: Let X be a proper hyperbolic geodesic metric space and let G be a closed non-elementary subgroup of Iso(X). Then a maximal normal amenable subgroup of G is compact.
Proof: Let G be a closed non-elementary subgroup of Iso(X) and let H ¡ G be a maximal normal amenable subgroup. Since H is amenable and the Gromov boundary ∂X of X is compact, there is an H-invariant probability measure µ on ∂X. Thus H is compact if the support A of µ contains at least three points (see the proof of Theorem 21 in [10] ). Now assume to the contrary that A contains at most two points. Then A is invariant under the action of the group H, but not under the action of G by our assumption on G. Let g ∈ G be such that A ∪ gA ∪ g 2 A contains at least 3 points. Since H is a normal subgroup of G, the set A ∪ gA ∪ g 2 A is preserved by H and hence as before, the group H is necessarily compact.
Let G be a locally compact σ-compact topological group and let N ¡ G be a compact normal subgroup. For a unitary representation ρ of G into a separable
Hilbert space E let E N be the closed subspace of E of all N -invariant vectors. Then ρ induces a representation of G/N into E N . Since compact groups are amenable the following observation is a special case of Corollary 8.5.2 of [11] . Lemma 3.2: Let G be an extension of a group H by a compact group N and let ρ be a unitary representation of G into a separable Hilbert space E. Then the projection P :
We use Corollary 2.3, Lemma 3.1 and Lemma 3.2 to describe closed subgroups of Iso(X). (1) G is elementary.
finite index which is a compact extension of a simple Lie group of rank 1. (3) G is a compact extension of a totally disconnected group and H
Proof: Let G be a closed subgroup of the isometry group Iso(X) of a proper hyperbolic geodesic metric space X. Then G is locally compact. Assume that G is non-elementary; then by Lemma 3.1, the maximal normal amenable subgroup H of G is compact, and the quotient L = G/H is a locally compact σ-compact topological group. Denote by π : G → G/H = L the canonical projection.
By the solution to Hilbert's fifth problem (see Theorem 11.3.4 in [11] ), after possibly replacing G by an open subgroup of finite index (which we denote again by G for simplicity), the quotient L = G/H splits as a direct product L = L 0 ×Q where L 0 is a semi-simple connected Lie group with finite center and without compact factors and Q is totally disconnected. If L 0 is trivial then G is a compact extension of a totally disconnected group. Now assume that L 0 is nontrivial; then L 0 is not compact and the limit set Λ of π −1 (L 0 ) < G is nontrivial. Since Q commutes with L 0 the group π −1 (Q) < G commutes with π −1 (L 0 ) < G up to the compact normal subgroup H and hence π −1 (Q) acts trivially on Λ. Namely, let x ∈ X and let (g i ) ⊂ π −1 (L 0 ) be a sequence such that (g i x) converges to ξ ∈ Λ. If h ∈ Q is arbitrary then for every i > 0 there is some h ′ i ∈ H with hg i = g i hh ′ i for all i and therefore (hg i x) converges to hξ = ξ (i → ∞). Thus if Λ consists of one or two points then the action of G on ∂X fixes one or two points. Since G is non-elementary by assumption, this is impossible. As a consequence, we may assume that Λ contains at least three points. Then π −1 (Q) fixes at least three points in ∂X and hence π −1 (Q) < G is necessarily a compact normal subgroup of G containing H. Since by assumption H is a maximal compact normal subgroup of G we conclude that π −1 (Q) = H and that Q is trivial. In other words, if G is non-elementary then up to passing to an open subgroup of finite index, either G is a compact extension of a totally disconnected group or G is a compact extension of a semi-simple Lie group L 0 with finite center and without compact factors.
We are left with showing that if G is a compact extension of a semi-simple Lie group L 0 with finite center and without compact factors then L 0 is simple and of rank 1. For this note from Corollary 2.3 and Lemma 3.
On the other hand, if G is a simple Lie group of non-compact type and rank at least 2 then Theorem 1.4 of [12] shows that
by the Burger-Monod super-rigidity result for cohomology [4] (see Theorem 14.2.2 in [11] ). Together we conclude that necessarily L 0 is a simple Lie group of rank one. This finishes the proof of our proposition.
Recall that a proper hyperbolic geodesic metric space X is of bounded growth if there is a number b > 0 such that for every x ∈ X and every R > 0 the closed ball of radius R about x contains at most be bR disjoint balls of radius 1. This implies that every elementary subgroup of Iso(X) is amenable (Proposition 8 of [10] ). Thus Theorem A from the introduction is an immediate consequence of Proposition 3.3. Similarly, the corollary from the introduction is immediate from the following. Proof: Let G be a semi-simple Lie group as in the lemma and let Γ be an irreducible lattice in G. Let X be a proper hyperbolic geodesic metric space, let ρ : Γ → Iso(X) be a homomorphism and let H < Iso(X) be the closure of ρ(Γ). Assume that H is non-elementary; by Corollary 2.3 we then have
Assume first that the group G is simple and of rank at least 2. Since H is non-compact and the image of Γ in H is dense, there is no Γ-invariant vector in L 2 (H, µ) and therefore by Theorem 1.4 of [12] , the second bounded cohomology group
) vanishes which is a contradiction.
Next assume that G = G 1 × G 2 is a non-trivial product of non-compact semisimple Lie groups G 1 , G 2 . The super-rigidity formula for irreducible lattices (Theorem 6 in [4] , see Theorem 14.2.2 in [11] ) shows that there is a non-trivial Γ-invariant subspace of L 2 (H, µ) on which the Γ-representation extends to a continuous Grepresentation factoring through G i for some i = 1, 2. It follows from [14] that there is a compact normal subgroup K of H such that the homomorphism ρ 0 : Γ → H/K induced by ρ extends to a continuous homomorphismρ : G → H/K (compare the proof of Theorem 7 in [10] ). Since G is connected, the image of G under this homomorphism is connected and non-compact. Therefore by Proposition 3.3 the group H/K is necessarily a simple Lie group of rank one andρ is surjective. This shows the corollary.
As an immediate corollary we obtain. Proof: Let G, Γ, X be as in the corollary and let ρ : Γ → Iso(X) be a homomorphism. Since G has no factor of rank one by assumption, by Corollary 3.4 the closure H of ρ(Γ) in Iso(X) is amenable. By Margulis' normal subgroup theorem, either the kernel K of ρ has finite index in Γ and ρ(Γ) is finite or K is finite and the group Γ/K ∼ ρ(Γ) has Kazhdan's property T . But ρ(Γ) is a dense subgroup of H and therefore H has property T if this is the case for ρ(Γ). In other words, H is an amenable group with property T and hence H is compact (see [15] for details). This shows the corollary.
The remainder of this note is devoted to the proof of Theorem B from the introduction. Proof: Let Γ be a finitely generated group which admits a proper isometric action on a proper hyperbolic geodesic metric space X of bounded growth. Assume without loss of generality that Γ is infinite and that
By the results of Fujiwara [5] and by [8] , the subgroup Γ of Iso(X) is elementary. We have to show that Γ is virtually nilpotent. Since Γ is infinite and acts properly on X by assumption, the limit set of Γ is nontrivial and hence it consists of one or two points. Assume first that the limit set consists of a single point a ∈ ∂X. Then a is a fixed point for the action of Γ on ∂X.
Fix a point x ∈ X. Since X is locally compact there is a geodesic ray γ : [0, ∞) → X connecting x to a [6] . For y ∈ X write β(y, γ) = lim sup t→∞ (d(y, γ(t)) − t) and define the Busemann function (13) β a (y, x) = sup{β(y, γ) | γ is a geodesic ray connecting x to a}.
By the triangle inequality, for y, z ∈ X and every geodesic ray γ : [0, ∞) → X we have |β(y, γ) − β(z, γ)| ≤ d(y, z) and therefore also |β a (y, x) − β a (z, x)| ≤ d(y, z).
Thus if we define for x ∈ X the horosphere through x and a to be the set H a (x) = β a (·, x) −1 (0), then for every t ∈ R the distance between H a (x) and any point y ∈ β a (·, x) −1 (t) is at least |t|. By Proposition 8.2 of [6] , there is a universal constant c > 0 only depending on the hyperbolicity constant of X such that for all x, y ∈ X we have
In particular, for every y ∈ X the horosphere H a (y) = β a (·, y)
and consequently the distance in X between any two horospheres H a (x), H a (y) for x, y ∈ X is at least |β a (y, x)| − c.
We claim that there is a number κ > 0 only depending on the hyperbolicity constant of X such that for every x ∈ X the group Γ maps the horosphere
To see this let g ∈ Γ, x ∈ X be arbitrary. Then gH a (x) = H a (gx) and therefore by our choice of c > 0, if for some r > 0 the image of H a (x) under g is not contained in β a (·, x) −1 [−r, r] then the distance between H a (x) and gH a (x) is at least r − c. Thus if for every x ∈ X the image of H a (x) under g is not contained in β a (·, x) −1 [−r, r] then the minimal displacement inf{d(y, gy) | y ∈ X} of g is at least r − c. However, by Proposition 8.24 in [6] there is a universal constant r 0 > 0 such that every isometry of X whose minimal displacement is at least r 0 is hyperbolic and hence it generates an infinite cyclic group of isometries of X whose limit set consists of two points. Since by assumption there is a unique limit point for the action of Γ on X, the group Γ can not contain such an element. As a consequence, for every g ∈ Γ there is a point
In particular, we have |β a (g(x(g)), x(g))| ≤ r 0 + c. From inequality 14 above with x = x(g), y = g(x(g)) we conclude that |β a (·, x(g)) − β(·, g(x(g)))| ≤ r 0 + 2c. On the other hand, inequality 14 applied to an arbitrary point y ∈ X and to x = x(g) shows that |β a (·, y)−β a (·, x(g))+β a (y, x(g))| ≤ c and similarly |β a (·, gy)− β a (·, g(x(g))) + β a (gy, g(x(g)))| ≤ c. Since β a (y, x(g)) = β a (gy, g(x(g))) we obtain that |β a (·, y) − β a (·, gy)| ≤ r 0 + 4c which shows our above claim. Let x ∈ X be an arbitrary point and let κ > 0 be such that for every g ∈ Γ the horosphere gH a (x) is contained in β a (·, x)
. Choose a finite symmetric generating set g 1 , . . . , g 2k for Γ; such a set exists since Γ is finitely generated by assumption. Let q = max{d(x, g i x) | i = 1, . . . , 2k}. Since for every t ∈ R the distance between β a (·, x) −1 (t) and H a (x) is at least |t|, each of the points g i x can be connected to x by a curve of length at most q which is contained in β a (·, x) −1 [−q, q]. Similarly, by the choice of κ, for every g ∈ Γ the points gx, gg i x can be connected by a curve of length at most q contained in V = β a (·, x)
For g ∈ Γ let |g| be the word norm of g with respect to the generating set g 1 , . . . , g 2k , i.e. |g| is the minimal length of a word in g 1 , . . . , g 2k representing g. Then for every g ∈ Γ the point gx can be connected to x by a curve which is contained in V and whose length is at most q|g|.
For y, z ∈ V define δ(y, z) ∈ [0, ∞] to be the infimum of the lengths of any curve in X which connects y to z and is contained in V . Then the restriction of δ to a path-connected component W of V containing the Γ-orbit of x is a distance which is not smaller than the restriction of d. For y ∈ W let B W (y, R) ⊂ W be the δ-ball of radius R about y. Let γ : [0, ∞) → X be a geodesic ray connecting x to a. We claim that there is a number χ ≥ 1 such that for every R > 0 the δ-ball B W (x, e R ) of radius e R about x is contained in the ball in X of radius χR + χ about γ(χR).
To see this we argue as in [1] . Recall from hyperbolicity that there is a number α ≥ 1 such that for every geodesic triangle △ ⊂ X with sides a, b, c, the side c is contained in the α-neighborhood of a ∪ b. Let y ∈ W be such that δ(x, y) ≤ 2 m for some m ≥ 0. Then there are 2 m + 1 points
For each i ≤ 2 m−1 connect the points x 2i−2 and x 2i by a geodesic γ i,2 . Then γ i,2 is contained in the α-neighborhood of γ 2i−1,1 ∪ γ 2i,1 and hence γ i,2 ⊂ β a (·, x) −1 [−α − q − κ − 1, ∞). Writeq = q + κ + 1. By induction, for j ≤ m choose a geodesic γ i,2 j connecting the points x (i−1)2 j and x i2 j (i = 1, . . . , 2 m−j ); a successive application of our argument implies that γ i,2 j is contained in β a (·, x) −1 [−jα −q, ∞). In particular, a geodesic ζ connecting x to y is contained in β a (·, x) −1 [−mα −q, ∞). On the other hand, ζ is a side of an (ideal) geodesic triangle with vertices x, y, a and the given geodesic ray γ as a second side. Since for t ≥ 0 the value |β a (γ(t), x) − t| is bounded by a universal constant (Lemma 8.1 in [6] ), we conclude that for any geodesic ray η connecting y to a the distance between η(αm) and γ(αm) is bounded by a constantc > 0 only depending on the hyperbolicity constant of X. As a consequence, every point y ∈ W with δ(x, y) ≤ 2 m is contained in the ball of radius αm +c about γ(αm). This is just the statement of our claim with χ = max{α log 2,c}.
From this observation we conclude that the group Γ has polynomial growth. By definition, this means that there is a number p > 0 such that the number of elements g ∈ Γ of word norm at most ℓ is not bigger than pℓ p . Namely, we observed above that the image of x under an element g ∈ Γ of word norm at most ℓ is contained in the ball B W (x, qℓ) where q > 0 is as above. On the other hand, since Γ acts properly on X by assumption there is a number j > 0 such that there are at most j elements g ∈ Γ with gx ∈ B(x, 4). In particular, for every z ∈ X the ball B(z, 2) contains at most j points from the orbit Γx of x counted with multiplicity. Thus the number of elements of Γ of word norm at most ℓ is not bigger than j times the maximal number of disjoint balls of radius 1 contained in B W (x, qℓ + 1) where q > 0 is as above.
On the other hand, by our above observation the ball B W (x, qℓ + 1) is contained in a ball of radius χ(log(qℓ))+χ in X for a universal number χ > 0. By assumption, a ball in X of radius R > 1 contains at most be bR disjoint balls of radius 1, where b > 0 is a universal constant. Together this shows that Γ is indeed of polynomial growth. By a well known result of Gromov, groups of polynomial growth are virtually nilpotent. This shows our corollary in the case that the limit set of Γ consists of a single point.
If the limit set Λ of Γ consists of two distinct points a = b ∈ ∂X then by invariance of Λ under the action of Γ, every element of Γ maps a geodesic in X connecting these two points to a geodesic with the same properties. Now the Hausdorff distance between any two such geodesics is bounded from above by a universal constant. Since the action of Γ on X is moreover proper, this implies immediately that the group Γ is of polynomial growth and hence virtually nilpotent.
Remark: Proposition 3.6 is easily seen to be false for proper hyperbolic geodesic metric spaces which are not of bounded growth. Namely, let (M, g) be a symmetric space of non-compact type and higher rank and consider the space N = M ×R with the warped product metric e 2t g × dt. Then N is a complete simply connected Riemannian manifold whose curvature is bounded from above by a negative constant and hence N is a proper hyperbolic geodesic metric space. However, the isometry group of N contains an elementary subgroup which is a semi-simple Lie group of non-compact type and higher rank. Note that the curvature of N is not bounded from below and N is not of bounded growth.
